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Abstract 

On a complex symplectic manifold X, we construct the stack of 
quantization-deformation modules, that is, (twisted) modules of mi- 
crodiffcrential operators with an extra central parameter t, a substitute 
to the lack of homogeneity. We also quantize involutive submanifolds 
of contact manifolds. 
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1 Introduction 



Masaki Kashiwara jlUj has constructed the stack of modules of microdiffer- 
ential operators on a complex contact manifold 2). Let us explain briefly 
what this means. A local model for 2) is an open subset V of P*X, 
the projective cotangent bundle of a complex manifold X. The manifold 
P*X is endowed with the sheaf of rings £x of microdifferential operators 
of Sato-Kawai-Kashiwara ^7]. Twisting this ring by half-densities on X, 
we find another ring £^" with an extra property: namely, it is endowed 
with an anti- involution *. If ip : P*X D Vx — ► Vy C PT is a con- 
tact transformation, one can locally "quantize" it as a ring isomorphism 
^ : ip^(£^\v x ) — * (Sy \vy) commuting with the anti-involution *. This 
quantization is not unique and this fact makes it impossible to glue together 
the sheaves £^ |y's and to get a globally defined sheaf of rings on 2J. How- 
ever, and this is the content of Kashiwara's paper, it is possible to glue 
together the categories of abelian sheaves Mod(£^|y) and to get a canon- 
ically defined stack (roughly speaking, a sheaf of categories) on 2). The 
proof has two aspects, one analytical, which consists essentially in noticing 
that the automorphisms of the ring £^ preserving * are in bijection with a 
subgroup of its invertible elements, the other one purely algebraic, dealing 
with the machinery of stacks. 

In this paper, we first recall Kashiwara's proof and extend it to the 
case of regular involutive submanifolds of 2J. Then, and this is our main 
result, we adapt it to the case of symplectic manifolds. As we shall see, new 
difficulties appear. 

The local model is now an open subset U of the cotangent bundle T*X 
of a complex manifold X. Let C denote the complex line with holomorphic 
coordinate t, let T*C denote the cotangent bundle to C with the zero-section 
removed and with coordinates (t,r). Denote by P*(X x C) the quotient of 
T*X x f*C by the diagonal C x -action. Then P*(X x C) is an open subset 
of the projective cotangent bundle P* (X x C) and there is a natural map p : 
P*(X x C) -> T*X, (p, (t; r)) i-> pr~ l . The manifold P*(X x C) is endowed 
with the sheaf of rings SxxCt °^ microdifferential operators on P*{X x C) 
which commute with Dt (i.e., which do not depend on the t- variable). We 
endow T*X with the sheaf of rings Wx '■= P*^xxCv R° u ghly speaking, 
Wx is the sheaf of microdifferential operators in the (x, D^)- variables and 
a central extra parameter r of order 1, which kills the homogeneity of T*X. 
Such algebras in the formal case over real symplectic manifolds are called 
semi-classical star-algebras, or also, quantization-deformation algebras by 
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many authors and we refer to 2, for their study. Note that the link between 
the sheaves of rings Ex and Wx is well-known from the specialists and 
appears explicitely when dimX = 1 in . By reference to the WKB-method 
of the physicists, these authors call WKB-differential operators the sections 
of Wx and we shall follow this terminology. 

Denote by k := C[r, r _1 ] the field of formal Laurent series X^jez a i r "' 
with cij = for j 3> 0, and by k the field W p t, a subfield of k (see Definition 

EM- 

The sheaf Wx is thus a sheaf of kr*x-central algebras and the cen- 
ter of Wx is now too large in order to apply Kashiwara's method. We 
overcome this difficulty by showing that above a symplectic transformation 
if : T* X D Ux — ' r Uy C T*Y, there exists locally a contact transforma- 
tion ip : P*(X x C) D p~ x (Ux) ^ P^iUy) C P*{Y x C) commuting 
with r and that this transformation may be quantized as an isomorphism 
of rings $ : p*ip*(S^ c \ p -i^ Ux )) ^(^dp- 1 ^))' this isomorphism $ 
commuting with Dt, hence interchanging W^" and Wy^ '. In general, these 

isomorphisms do not allow us to glue the categories Mod(p*(£j^ c |p-im x ))) 
and to obtain a stack, due to a kind of translation operator which appears 
in the fibers of p. But, fortunately, these translations act trivialy on , 
and we can glue the categories Mod(Wj^ ). 

Note that Maxim Kontsevich ^3] has recently announced a similar result 
in the much more general setting of (algebraic) Poisson manifolds, based on 
a different method. Also note that semi-classical star-algebras on complex 
symplectic manifolds are constructed under suitable hypotheses in , using 
Fedosov connections. We refer to [Sj for a discussion on possible physical 
applications of such constructions. 

The contents of this paper is as follows. 

In Section we recall some facts (well known from a few specialists) 
concerning the construction of stacks. References are made to |S], jS]; [TH] . 

In Section we explain how to construct r-preserving contact isomor- 
phisms associated with symplectic isomorphisms. 

In Section [21 we overview the theory of Sato-Kawai-Kashiwara |17j of 
microdifferential operators and modules over such rings (see also |18| . jllj 
for a detailed exposition). 

In SectionH3we give a detailed proof of Kashiwara's quantization theorem 

of ma. 

In Section [7| we treat the case of involutive submanifolds of complex 
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contact manifolds. 

In Section |H] we construct the ring Wx of WKB-differential operators on 
the cotangent bundle to a complex manifold X. 

In Section |§] we adapt Kashiwara's proof of jlUj to construct the stack 
of WKB-modules on a complex symplectic manifold. 

All our results extend to the formal case, that is, to the ring W associated 
with the ring of formal microdifferential operators £ . 

Aknowledgement. We have benefited from extremely valuable sugges- 
tions and detailed explanations of Masaki Kashiwara, especially concerning 
Sections HHS1 It is a pleasure to thank him here. We would like to thank 
also Louis Boutet de Monvel for fruitful discussions. 

2 Notations 

We will mainly follow the notations of ^2]. In this paper, unless otherwise 
specified, all manifolds are complex analytic. 

Let X be a manifold. We denote by T* X the cotangent bundle, tt : 
T*X — * X the projection, T*X the bundle T*X \ X, where X is identified 
with the zero-section, a : T*X — > T*X the antipodal map. We shall also 
consider the projective cotangent bundle, P*X = T*X/C X , (C x denotes the 
multiplicative group of non-zero complex numbers). We keep the notation 
tt for the projection P*X — > X. 

On a complex manifold X, we consider the structure sheaf Ox, the 
sheaves £l x of holomorphic p-forms and the sheaf T>x of linear holomorphic 
differential operators of finite order. One sets £lx '■= &x-> w here n is the 
dimension of X. 

This paper deals with stacks, which roughly speaking, means sheaves of 
categories. The classical reference is j5] and a more popular one is (Hj- This 
notion is also well explained in |10| . 

Recall that if 1Z is a sheaf of unital rings on X, one denotes by 1Z X the 
sheaf of invertible sections, and if a S 1Z X is a local section, one defines the 
ring automorphism Ad(a) of 7Z by setting for any local section b € 1Z 

Ad(a)(6) = aba' 1 . 

By an 7£-module (resp., 7£ op -module) , we mean a sheaf of left (resp., right) 
7£-modules. We denote by Mod(7£) the abelian category of 7£-modules and 
by 9JToU(7£) the corresponding abelian stack on X given by the assignement 
X D Mod{K \ v ). 
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3 Construction of stacks and functors 



Let X be a topological space and let U = {Ui}i e i be an open covering of X. 
Define: 

X = [_\u h X 1 =[_\u ij , X 2 = [J U ijk , etc. 
ie/ i,isi" i,j,kei 

where C/jj = J7j PI E/j, [7^ = £/j PI E/j PI C4, etc. In other words, 

Xi := X xx X , X n = IoXx"-xiIo(«+ 1-times). 

We introduce the projections 

p n : X n -> X, < n, 

p? : X n -► X , 0<i< n, 

p£ :X n ^X l5 0<i<j<n, 

pf jk : X n -> X 2 , < i < j < k < n, etc. 

For example, p™- : X n — > X\ is the projection to the (i, ^-factor. In the 
sequel, we set p = p° and, if there is no risk of confusion, we write pi instead 
of p™, pij instead of p™-, etc. Hence we have the following diagram 



-poi po _ 

>. ^— p"02 S- ' . 



(3.1) X. : ::::::::::::: .V, X x X 



x ■■".i X. 

Notation 3.1. (i) For a sheaf J 7 or a stack 6 on Xo, we set Ti = p^ X T 
and Sj = p^ 1 & for < i < n, where pj : X n — > Xo, n > 1. 

(ii) For a morphism of sheaves / or a functor of stacks F on Xi, we set 
fij = p~ l f and Fij = pV^F for < i < j < n, where p^ : X n -> Xi, n > 2. 

(iii) For a section of a sheaf a or an isomorphim of functors a on X 2 , we set 
aijfc = P^a and = p~ 3 \a for < i < j < k < n, where p ijk : X n -> X 2 , 
n > 3. 

Let k be a sheaf of commutative unital rings on X. 

Definition 3.2. A K-lien on X, — > X is a triplet R = (lZ,f,a), where 1Z 
is a sheaf of central p _1 K-algebras on Xo (i.e., p~ 1 n is the center of TV), 
f : 1Z\ — ► TZq is an isomorphism of Ko-algebras on X\ and a is section in 
T(X 2i TZq), such that on X 2 



(3.2) /oi o / 12 = Ad(a) o /, 



02- 



5 



On X3 one has 



(foi /12) /23 = Ad(a i 2 ) ° / 02 o / 23 = Ad(a i2ao23) /03, 

and 



foi (/12 /23) = foi Ad(ai23) /13 

= Ad(/ i(ai 23 )) o /01 o / 13 = Ad(/ i (0123)0013) /o3- 

It follows that there exists a section c £ r(X3; k x ), such that 

(3.3) 0012^023 = foi (0123)0013 • c in T(X 3 ;7l£ ). 

Definition 3.3. One says that a K-lien R = (7?-, /, a) is effective if c = 1. 

Notation 3.4. Let R = (lZ,f,a) be a K-lien on Xo. We denote by /-i(-) 
the equivalence of stacks 97toD(72-i) ^> SPtoc)(7^o) which associates to an IZi- 
module ft on Xi, the Tv^-module f-ift, i-e. the p _1 K-module J 7 endowed 
with the action induced by / _1 : IZq — > 7*!.i : if Z E J 7 and r £ 7-io are local 
sections, the action of r on Z is given by (r, Z) 1— > f~ l (r)l. 

Theorem 3.5. (M. Kashiwara ^Oj.) To an effective n-lien R = (11, f, a) 
on X, — y X one associates an abelian n-stack SDToU(R) on X , an equivalence 
of p~ 1 K-stacks -Fr : p^ 1 DJlod(R) ^ 9Jtod(1Z) and an isomorphism of functors 
"r: /-i(-) (Fr)i ^ (Fr)q such that (a R ) i o (a R ) 12 = (a R ) 02 o (a-) (Ttere 
a- denotes the isomorphism of functors defined by left multiplication by a). 
Moreover, the datum of (SDTofl (R), F R , ojr) is unique up to equivalence where 
the equivalence is unique up to unique isomorphism. 

Sketch of the proof . For V open in Xq, let 97toflo(R)(V) be the category 
defined as follows: an object of 9JtoOo(R)(V) is a pair (T,m) where ft is 
an 7-i-module on V and m: f-ifti — : > J^o is an isomorphism of 7£o-modules 
on Vi = V xjf Xi such that the following diagram of isomorphisms of 7^0- 
modules on V2 = V Xx X 2 commutes 



„-i(„-i^ r 2 ) — ^-»- 
J 01 V 12 J 02 



Jr- 



mi2 

ft 



'"02 



fto 
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Here a- denotes left multiplication by a in f-iJ~2- Morphisms a: (J-,m) — > 
(J-',m?) are morphisms of 7£-modules on V, a: T — » J- 1 such that the fol- 
lowing diagram of morphisms of 7^o- m odules on V\ commutes 

t m r 

f-iJ-i *~ T 



"1 



a () 



-r-/ m' t~i 

f -iJ- 1 ^ F Q . 

The assignement V \-* 9Jlodo(R)(V) defines a p _1 K-prestack SPtoDo(R) on Xo. 
Moreover, the position (J 7 , m) i— > J- defines a natural functor of prestacks 
9Jlot) (R) -> smov(K). 

One checks that 5DTof>(R) := p*9JToc)o(R) is a K-stack on X, that the natural 
adjunction functor F R : p^TloDiR) -> £?Jtot)(7e) is an equivalence of p 1 k- 
stacks on Xq and that there exists an isomorphism of functors «r: ° 
(-Fr)i — ► (-^k)o) these data satisfying the desired property. Moreover, one 
can show that the triplet (9Jtot)(R), Fr, or) is unique up to equivalence, 
q.e.d. 

Remarks 3.6. (i) Roughly speaking, a K-lien on Xo is the data of sheaves of 
^|c/j-algebras IZi on Ui and of isomorphisms of -algebras /„ : Kj\u i:i 
1^i\Uij such that fij o fj k = Ad(ciyfc) o on for invertible sections a^k 
of lZi\u i k . Hence the stack 9Jtoc)(R) constructed in Theorem 13 .51 is a stack 
of twisted modules (see for example ^Hl)> *- e -> 9Jlol> ( R) | ^ ~ SDTo9(7£j). 

(ii) The section c in (j3.3|) defines a Cech cohomology class in H 3 (X,k x ). 
Indeed c is a 3-cocyle, since one has the following chain of equalities on 
r(X 4 ; K x ): 

0)124 C0234 = a i 1 4/0l(ai24) a 012a024a 24/02( a 234) a 023a034 

= a 014/oi(ai24)/oi ° /l2 (0234)001200230034 

= a 014/oi (o 12 4/l2 (0234)0123 )/oi (0x23)001200230034 

= O014/0l(Oi3 1 4 Ci234)o013C0123O034 = £12340)13401123 • 

(iii) Definitions 13. 21 and 13. 31 are adapted from [S| (see also jHJ). In particular, 
the notion of an effective lien is a restrictive version of that of a realizable 
lien, i.e. a lien with c cohomologous to 1. 

(iv) For simplicity of the exposition, the definition of a lien given here deals 
with a fixed open covering U = {Ui}i^i of the topological space X. Let 
W = {C/j}j g j be a finer open covering and define the corresponding diagram 
X' 9 — > X. Let R be a K-lien on X 9 — > X. Hence the natural map tq : X' Q — > 
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Xq induces a lien R' = (r^ 1 7Z, rj~ /, r 2 _1 a) on X' , where the r^s are the 
induced maps on the Aj's. One checks that if R is effective, then R' is effective 
and they define equivalent stacks on X. More precisley, the equivalence 
9J?oc)(R) ^ 9Jto3(R') is given by (T, m) ^ (r^T^^m). 

Definition 3.7. Let R = (1Z, f, a) and S = (S,g, 6) be K-liens on X, — * X. 
An isomorphism of aliens u : R — > S is pair u = (u,l) where u : 1Z ^ S is 
an isomorphism of p~ ^-algebras on Xq and I is a section in F(Xi,Sq) such 
that on X\ 

(3.4) g o u\ = Ad(Z) o uq o /. 

If T = (T, /i, e) is another /t-lien and t = (t, n) : S — * T is an isomorphism of 
K-liens, the composition is defined by t o u := (t o u, nto(O)- 

On X 2 one has 

5oi ° 512 o u 2 = Ad(6) o g 02 ou 2 = Ad(bl 02 ) ou o f 02 

and 

501 ° 512 ° u 2 = 

g i o Ad(/i 2 ) o u\ o / 12 = Ad(p i(^i2)) ° Ad(/ i) o u o / 01 o / 12 = 
= Ad(c/oi(^i2)/oi) ° Ad(it (a)) o u o f 02 

It follows that there exists a section d £ T(X 2 ; k x ), such that 
^02 = 9oi(li2)kiuo(a) ■ d in T(X 2 ;Sq) 

Definition 3.8. One says that an isomorphism of K-liens u is effective if 
d = l. 

Proposition 3.9. Let R = (1Z, f, a) and S = (S,g,b) be effective K-liens 
on X, — > X. To an effective isomorphism of n-liens u = (u, I): R —t S 
one associates an equivalence of n-stacks F u : 9Jto£>(R) — > SDToO(S) and an 
isomorphism of functors j3 u : F$ ° p _1 -F u ^ «-!(■) ° swc/i i/iai ckr o / • 
°(Aj)i = (A)o ° «S (here (5D?oc)(R), Fr, or) and (9#oc)(S), F$, as) are as 
in Theorem \3.5i and I- denotes the isomorphism of functors defined by left 
multiplication by I). Moreover, the datum of (F U ,/3 U ) is unique up to unique 
isomorphism. 
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Proof. To (FjiJi) G 9Jtoi>o(R)(V) on associates the pair ( r if,moI'), where 
the isomorphism mob stands for the following chain of isomorphisms of 
.So-modules on V\ 



where I- denotes left multiplication by / in t-\J-\. Let us checks that this po- 
sition gives a well defined functor of prestacks (F u )q: Wlodo(R) — > 2JTo£)o(S). 
It is enough to note that the following diagram is commutative 



901 ('12)- 



9 2 



So 



ioi ■ 



Vqi V12 



n («)■ 



W^ 2 ) 

-i( r i^2) 
J02 

"102 



u o 1 V01 



1^1 



a- 



Set F u := p*(F u )q. This is an equivalence of K>stacks, since a quasi-inverse 
is given by F u -i, and the natural morphism of functors f3 u : F$ o p~ l F u — > 
u -i(-) -Fr is an isomorphism satisfying the desired property. q.e.d. 

Remark 3.10. In the commutative case, an effective K-lien on X, — > X 
is nothing but the datum of a 2-cocycle a € T(X2, k x ). Then there ex- 
ists an effective isomorphism between two 2-cocyles if and only if they are 
cohomologous. 



Remark 3.11. Consider a diagram in the category of topological spaces 
(3.5) X. := X 2 h-2 X, 



-POl- 

-P12- 
-P02- 



-P0- 

-Pl- 



X n 



such that 
(3.6) 



Po P01 
Pi P01 

Pi °Pl2 



PO °P02, 
P0°Pl2, 
Pi °P02- 



Then one can extend the notions of a lien and of an isomorphism of liens on 
X 9 . Moreover, there is a natural notion of continuous map between diagrams 
r : y, — > X, as above. Then, if R = (TZ, f, a) is a lien on X 9 , one defines the 
lien r _1 R := (r^ 1 TZ, rf 1 /, r^T a) on Y,. 

These considerations suggest that Theorem 13.51 extends to the case of 
Lie groupoids or better, differentiable stacks (see ^2], [3]). 
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4 Symplectic and contact geometry 



Let X be a complex manifold. Recall that a local model of a homoge- 
neous symplectic manifold is an open subset V of the cotangent bundle 
T*X equipped with the canonical 1-form ax*x- If x = (xi,...,x n ) is a 
local coordinate system on X, we denote by (x; £) = (x±, . . . , x n ; £1, . . . , £ n ) 
the associated coordinates on T*X. Then ar*x = J27=i^ x ^- ^ local 
model of a contact manifold is an open subset of the projective cotangent 
bundle P*X = T*X/C X , equipped with its canonical 1-form. A local model 
of a symplectic manifold is an open subset U of T*X equipped with the 
symplectic 2-form ut*x = dax*x- 

We shall use the terminology "a symplectic isomorphism" to denote an 
isomorphism of complex symplectic manifolds, and similarly for "a contact 
isomorphism" or "a homogeneous symplectic isomorphism" . 

We denote by C the complex line endowed with a holomorphic coordinate 
t and by (t; r) the associated coordinates on T*C. Hence, r defines a map 
t : f*C -► C x . 

The embedding T* X x f*C ^ T* (X x C) defines the open embedding 
(T*X x T*C)/C X w P*(X x C). Set for short: 

P*(X x C) = (T*X x T*C)/C X . 

Remark 4.1. There is a natural isomorphism P*(X x C) ~ T*X x C given 
by (p, {t; r)) i — ► (pr _1 , t). Hence, one can identify P*(X x C) with the space 
J X X of 1-jets of holomorphic functions on X. 

We shall consider the maps: 
(4.1) c x ^—T*X x f*C— y -+P*(X x C) — P -^T*X 
where p is the map (p, (t; r)) i— > pr^ 1 . 

Definition 4.2. Consider a contact isomorphism ^ : Vx — > Vy, where Vx 
(resp. Vy) is an open subset of P*(X x C) (resp. of P*(Y x C)). We say 
that ^ is a r-preserving contact isomorphism, if it lifts as a homogeneous 
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symplectic isomorphism ip making the diagram below commutative: 



P*(X x C) D V x - 



T*X x T*C D 7 _1 (Vx) 



■*y y c x c) 



-*-7 _1 (tV) C T*Y x T*C 




Lemma 4.3. Let Ux (resp. Uy) be an open subset of T*X {resp. T*Y) 
and let <p : Ux — * f/y be a symplectic isomorphism. Then, locally on Ux, 
there exists a r -preserving contact isomorphism tp : p~ l {Ux) — » p~ 1 (Uy) 
making the diagram below commutative 



(4.2) 



T*X d U x 
p 



Uy C T*Y 
p 



■p-\U Y ) cP*(Yx C) 



P*(X xC)D p-^Ux)- 

One shall be aware that tp commutes with r, but not with t in general. 

Proof. Let us denote by (x; u) a local symplectic coordinate system on Ux 
and let (y;v) = ip(x;u). Then duAdx = dvAdy, hence d{udx) = d(vdy) (we 
write for short iidx instead of (u, dx)). It follows that udx = vdy + da(y,v) 
for some locally defined function a(y,v). 
Set £ = tu, rj = tv and consider the map ip such that 

{y,s;V,T) = iJ>(x,t;£,T) 

for an s to be calculated below. We have 

rdt + ^dx = r(dt + udx) = r(dt + vdy + da) = rd(t + a) + rydy. 

Hence, choosing s = i + a(y,r]T^ 1 ), the map ?/> is a r-preserving contact 
isomorphism. q.e.d. 

Note that, if (p is an homogeneous symplectic isomorphism, then the 
function a constructed above is globally defined and locally constant on 
Ux- In particular, if 99 is the identity on Ux, then a r-preserving contact 
isomorphism ip is nothing but a translation on the t-variable by a locally 
constant function. 
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5 ^-modules 



On T*X we consider the sheaves Ex and Ex of microdifferential operators 
and formal microdifferential operators, respectively. We refer the reader to 
|17j for more details (see also ^H] or j^j for an exposition). 

These sheaves are constant on the fibers of the projection T*X — * P*X, 
and we shall keep the same notation to denote their direct images on P*X. 
Hence we regard them as sheaves on T*X as well as sheaves on P*X. 

The sheaf Ex is filtered over Z, and one denotes by Exijn) the sheaf of 
operators of order less than or equal to m. We denote by o m { ) '■ Ex(m) — > 
Ex(m)/Ex(rn — 1) the symbol map. Recall that £x(m)/£x(m — 1) ~ 
@T*x( m ), the sheaf of holomorphic functions homogeneous of order m in the 
fiber variable. A section / of Ot*x{™) is a holomorphic function solution 
of the differential equation ■ Xjd Xj — m)f = 0. Hence 

jez 

The same result holds for Ex- 

In a local coordinate system x on X, with associated coordinates (#;£) 
on T*X, a formal microdifferential operator P of order m {i.e., a section of 
£x( m )) defined on an open subset V of T*X has a total symbol cr(P): 

m 

(5.1) a(P) = Pi( x >0, Pj G Ot*xU)(V). 

j=-oo 

Notation 5.1. In a local coordinate system x = (x±, . . . ,x n ) on X, one 
denotes by d Xj (or else, D Xj ) the microdifferential operator with total symbol 
£j. Hence, P is written as 

m 

(5.2) P= Pj(x,8x). 

j=-oo 

The product structure on Ex is then given by the Leibniz formula. If Q 
is a formal microdifferential operator of total symbol cr(Q), then 

a(PoQ)= ^dfa(P)dy(Q). 

In particular, a section P in £x is invertible on an open subset V of T*X if 
and only if its principal symbol is nowhere vanishing on V. 
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The ring Ex is the subring of Ex of operators whose total symbol ()5.1|) 
satisfies the estimates 

{for any compact subset K of V there exists a constant 
C K > such that for all j < 0, sup \pj\ < CZ j (-j)\. 
K 

Let A be a complex number. Replacing Ot*x(j) with 0t*x(A + j), one 
defines by the same procedure the sheaves £x(A) and £x(A) on T*X of 
operators of order m + A. Note that in the P*X case, one obtains twisted 
sheaves. 

From now on, we shall concentrate our study on Ex, but all results 
extend unchanged to Ex- 

A volume form on X defines an anti- automorphism * : Ex —> a*Ex 
(recall that a is the antipodal map on T*X). This leads to consider the 
sheaf of rings: 

(5.4) sf := nf /2 ® 0x e x ®o x n%- 1/2 . 

(Here, we write Ox instead of tt~ 1 Ox and similarly for fix-) Note that 
fi® 1 / 2 and Q x 1//2 are not globally defined as sheaves but are globally defined 

as twisted sheaves. On the other-hand E^" is a well-defined sheaf of rings 
on T*X, locally isomorphic to Ex- This sheaf on P*X (not on T*X) is thus 
endowed with an anti-automorphism * such that ** = id. 



Quantized contact transformations 

Let us briefly recall the constructions of "quantized contact transformations" 

of mi. 

Assume to be given open subsets Vx oiT*X, Vy of T*Y and a homoge- 
neous symplectic isomorphism ip : Vx — ► Vy. Let A C Vx x Vy denote the 
Lagrangian submanifold associated with if), that is, the image of the graph 
of tp by the antipodal map a : Vy — > Vy. Locally on A, there exists a left 
ideal 2 of ExxY such that its symbol ideal is reduced and coincides with the 
defining ideal of A in JgZ T *x(j). 

Then for each P G Ex (defined in a neighborhood of p € Vx) there 
exists a unique Q € £y (defined in a neighborhood of tp(jp) £ Vy) such that 
(P — Q) E T. The correspondance P i— > Q is an anti-isomorphism of C- 
algebras. Composing it with the anti-isomorphism Q i— > Q* associated with 
a volume form on Y, we find an isomorphism of C-algebras 

(5.5) *:M£x\v x )^£Y\vy- 
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The same construction holds on projective cotangent bundles. It also 
holds replacing £ with £^". 

Definition 5.2. (i) Let if) be a homogeneous symplectic isomorphism. 
The isomorphism ^ in Q5.5|) is called a homogeneous quantized contact 
transformation above if} (a homogeneous QCT, for short). 

(ii) If tf) is a contact transformation (i.e. Vx and Vy are open subsets of 
projective cotangent bundles), one calls ^ a quantized contact trans- 
formation (a QCT, for short). 

(iii) We keep the same terminology when £ is replaced with £^ . 
Lemma 5.3. |T7], 0, DDI- 

(i) Let ^ be a QCT above the identity. Locally there exists A G C and an 
invertible operator P G <?x(A) such that \E f = Ad(P). 

(ii) Let P G £x be of order A and invertible. There exists a unique (up 
to sign) invertible operator Q of order ^A such that P = Q o Q. If 

P G £^", P is of order and P = P* , then Q = Q* . 

(iii) Let ip be a contact isomorphism. Locally there exists a QCT 

(5.6) *'-M£f\v x )^ef\vy 

commuting with *. 

Proof, (i) We shall not give the proof here and refer to [§] . 
(ii) (a) Unicity. First assume P has order 0. Let P = Q 2 = Q§. Then 
o~o(Qo) = icro(Q) and we may assume there is equality. Set Qo = Q + R 
and let m denote the order of R. One has Qq = (Q + R) 2 and therefore 
QR + RQ + R 2 = 0. Since 2m < m, it follows that a m (R) = 0, hence R = 0. 
The general case follows by adding a dummy variable dt, and applying the 
preceding result to d^ x P. 

(ii) (b) Existence. First assume P has order 0. Let po G T*X and assume 
ao(P)(p) ^ 0. Consider a dummy variable t and set to = (o"o(P)(po)) 5 . 
Since t 2 — cro(P) has a simple root at (to,po), the Weierstrass Preparation 
Theorem for microdifferential operators of (see also ^Hj Chapter I §2 
for an exposition) allows us to write uniquely 

t 2 - P = G(t - R) 

with G invertible at (io>Po) an d R not depending on t. Therefore P — R 2 = 
(t — R)(t + R — G) , and this operator not depending on t, we find G = t + R. 
Hence, P = R 2 . 
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The general case follows by adding a dummy variable dt- Then d t A P = R? . 

A 

Set Q = d t 2 R. Then P = Q 2 , and the unicity of this decomposition shows 
that Q does not depends on dt- 

(ii) (c) Since P = P* , we get Q*Q* = QQ, and by the unicity of the 
decomposition, Q = ±Q* . Since gq{Q) = 0"o(Q*)> we get Q = Q* . 

(iii) First choose a QCT *t. Set = tft-i * o *t *. By (i), = Ad(P) 
for an invertible operator R of order A. Hence 

* o vft * = ^toAd(P), 

= ^ o Ad(P) o Ad(ii* _1 ) 
= ^oAd^ofi*- 1 ). 

Therefore, R = cR* for some non-zero constant c, that we may assume 
equal to 1. Hence using (ii), we may write R = Q o Q* and we get VP* = 
Ad(Q)Ad(Q*). Let * = tft Ad(Q). Then, one has 

*o^ t o* = <I'o Ad(Q*). 

Since Ad(Q) o * = * o Ad(Q*~ 1 ), one gets 

* o $ o * = 

q.e.d. 

Denote by Aut*(£^) the sheaf of QCT above the identity commuting 
with * and set 

(gf). = {Pe sf;P has order 0,a o (P) = 1,PP* = 1} C (£^f) x . 

Lemma 5.4. TTie morphism Ad induces an isomorphism of groups on 
T*X 

Proof. Let f be a QCT above the identity commuting with *. By Lemma 
15.31 locally there exists an invertible P £ of order A such that \P = 
Ad(P). One has 

*oAd(P)o* = Ad(P* _1 ). 

Since * o $ = f o we get Ad(P* _1 ) = Ad(P), and C := P*P is an 
invertible element in the center of ' . Therefore, P has order and o"o(P) 
is a non-zero constant. Then we may suppose P of principal symbol 1. 
q.e.d. 
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Remark 5.5. The results of this section still hold when replacing £ with 
£. 



6 Quantization of complex contact manifolds 

In this section, we recall Kashiwara's theorem. 

Theorem 6.1. (M. Kashiwara ^0].) Let 2} be a complex contact manifold. 
There exists canonically a C-abelian stack dJloD(£^, 2J) on 2J such that if 
V C 2J is an open subset isomorphic by a contact transformation if) to an 
open subset V x C P*X, then WloX)(£^", 2J)| V is equivalent by tp to the stack 
Wto*(£f\ Vx ). 

Definition 6.2. We call 9Jlod(£ 2J) the stack of microdifferential modules 
on 2J. 

Proof. There exists an open covering V = {Vi}i^i of 2J and for each i E I, 
a contact open embedding ipi : Vi P*X{ for some projective cotangent 
bundle P*Xi. Set £y" = ip~ 1 £^ . Then £y" is a sheaf of C-algebras on Vi 
endowed with a filtration and an anti- involution *. 

Consider the contact isomorphism tpij = ipi oipj 1 '■ ^j^Yij) — > ipi(Vij)- After 
shrinking the covering V, we may assume by Lemma 15.31 that there exist 
QCT's above the ipij's and hence isomorphisms of C-algebras 

(6-1) *«:^k^3fW 



these isomorphisms commuting with *. 

Now we follow the notations of Section 01 for X = 2). Set 2J = |Ji^> 
2J X = 2J Xsg2J , etc. Let jy i : Vi <— > 2J be the natural map. Set 

Then £^> is a sheaf of central C-algebras on 2J endowed with an anti- 
involution *. The ^i/s induce a C-algebra isomorphism ^ : £^f" — > £q 
commuting *. Hence, by Lemma 15.41 after shrinking again the covering 
V there exists a unique P G T(Z) 2 ;£f") of order such that a (P) = 1, 
PP* = 1 and 

(6.2) ^ 01 o^ 12 = Ad(P)o^ 02 . 

Since P is unique, E := (£v", Vl/,P) is an effective C-lien on 2J. — > 2), and 
it remains to apply Theorem 13.51 to get an abelian C-stack 9JtoO(E) on 2J. 
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Let V' = {Vj}j(zj be another open covering of 2J and tp'j : V- P*X'j 
be a contact open embedding for each j E J. By Remark 13.61 (iii). it is not 

restrictive to assume V = V. Setting £y" = ^'^ x £^ and proceeding as 

above, we get another effective C-lien E' := (S^ , P') on 2J. -> 2J. Con- 
sider the contact isomorphism ifi'^ o ip~ : tpi(Vi) — > ip'^Vi). After shrinking 
the covering V, we may assume by Lemma 15 , 31 that there exist QCT's above 
the ipt o tp^ lj s and hence an isomorphism of C-algebras 

(6.3) T : £"f" A £^' 

commuting with *. By Lemma |5.41 after shrinking again the covering V, 
there exists a unique Q G rQhjf^) of order such that a (Q) = 1, 
QQ* = 1 and 

(6.4) f'oTi = Ad(Q) oT o$. 

Since Q is unique, the pair (T, Q) defines an effective isomorphism of Cdiens 
E ^ E'. By Proposition l3.91 the stacks 9Jto3(E) and Wlod(E') are equivalent. 
Hence the stack above constructed depends only on 2) and on the algebra 
, and it makes sense to denote it by Tlod(£^, 2J). q.e.d. 

Remark 6.3. The results of this section still hold when replacing £ with 
£. 



7 Quantization of involutive submanifolds 

We keep the notations of ^Hl an d consider a complex contact manifold 2J . In 
this section, we consider a smooth regular involutive submanifold A and we 
denote by 

(7.1) i: A -^2} 

the inclusion morphism. Recall that one says that A is involutive if for any 
pair of holomorphic functions (/, g) vanishing on A, their Poisson bracket 
{/, g} vanishes on A and recall that A is regular involutive if moreover the 
canonical 1-form on 2) does not vanish on A. 

It is well-known that locally, two smooth regular involutive manifolds of 
the same codimension may be interchanged by a complex contact isomor- 
phism. In particular, locally on A, we may assume that 

(7.2) 2J = P*X, X = Y x Z, A = P*Y x Z. 
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Let b denotes the bicharacteristic relation on A, which identifies a bichar- 
acteristic leaf to a point. We denote by 

(7.3) /3 : A -> A/6 

the projection, and if U is open in A we denote by /% : U — > U/b the 
restriction of (3 to f7. Note that for U small enough, U/b has the structure 
of complex contact manifold. 

We can now formulate a variant of Theorem 16.11 

Proposition 7.1. Let 2J be a complex contact manifold and let A be a 
smooth regular involutive submanifold of%). There exists canonically a C- 
abelian stack DJlo?)((3~ 1 £^~" , A) on A such that if U C A is an open subset 
and U/b is a contact manifold isomorphic by a contact transformation ip to 
an open subset V C P*Y , then $JtoX)(f3~ 1 £^ , A)\u is equivalent to the stack 

Proof. Consider an open covering U = of A such that for each 

i € /, Ui/b is a smooth complex contact manifold and there exists a contact 
embedding ipi : Ui/b P*Yi for some projective cotangent bundle P*Yi. 

Set Vi = ujb, Vn = (U. n Uj)/b, v ijk = (u n u 3 n u k )/b, 2) = UK, 

?)i = U^ii> = U^ijfc- We find a diagram 2). as in (|3.5|) and after 
shrinking the covering U, we find an effective C-lien E := (S^, P) on 2}.. 
Set Ao = |J t/j, Ai = (J C/y, A2 = (J Ujk, and define the diagram A, — > A 
similarly. The projection (5 defines a continuous map of diagrams (3 : A, — » 
2).. Hence /3 _1 E is an effective C-lien on A. — > A, and it remains to apply 
Theorem 13.51 

The proof of the canonicity of the stack SDToD(/?~ 1 ^ v ^', A) goes along the 
same lines as in the proof of Theorem 16.11 q.e.d. 

Consider the situation of fZHJ): 2J = P*X, X = Y x Z, A = P*Y x Z 
and denote by /3 : P*Y x Z -> P*F the projection. Let £ A := ^y^Oz 
where the external product in taken in the category of f-modules. Such an 
£x -module is called simple along A. Then £nd£ x (£\) ~ @~ 1 £y and is 
faithfully flat over (3~ 1 £y- This suggests another method to quantize the 
involutive submanifold A, namely by glueing the categories of modules over 
£nds x (C\), for local choices of simple modules C\. 

Remark 7.2. The results of this section still hold when replacing £ with 
£. 
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8 W-modules 



Let X be a complex manifold, and let C denote as above the complex line 
endowed with the holomorphic coordinate t. Recall the map p constructed 
in (ETTj) 

p : P*(X x C) ->• T*X. 

Definition 8.1. (i) On P*(X x C), we denote by £xxc t ^ ne subsheaf of 
rings of £xxc consisting of microdifferential operators P such that 

(8.1) [P,D t ]=0. 

For m E Z, we set £xxc t( m ) = ^XxC t ^ ^xcW- 

(ii) On T*X we define the sheaf of rings 

W x = P*£ X xC,t- 
We set Wx(m) = p*£ Xx £i( m )- 

(iii) Replacing £ with £^", £ and £^, one constructs similarly the sheaves 
of rings W^, W x and W^f on T*X. 

After choosing a local coordinate system ioiiX, the microdifferential 
operator P(x, t; D x ,D t ) € £xxc i does not depend on t and its total symbol 
may be written as a serie 

m 

(8.2) a(P)= PifrM 

j=-oo 

where the pj ' are holomorphic functions defined on some conic open subset 
V of T*(X x C), homogeneous of order j with respect to (£,t). Setting 
u = £r _1 , pj(x;u) = pj(x;^T~ 1 ,l), we get that a section P of Wx on an 
open subset U of T*X has a total symbol 

m 

(8-3) a{P)= Pj(^u)r j 

j=~oo 

where the pj's are holomorphic (but no more homogeneous) on U. These 
functions should satisfy the follow estimates 

f for any compact subset K of U there exists a constant 

( 8 - 4 ) \ C K > such that for all j < 0, sup \pj\ < C^ j (-j)l 
I K 
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Notation 8.2. In a local coordinate system x = (x\,...,x n ) on X, one 
denotes by r~ 1 d Xj (or else, r~ 1 D Xj ) the operator with total symbol Uj. 
Hence, an operator P is written as 

m 

(8.5) p= pfaT-^y . 

j=-oo 

The ring Wj is filtered and 

(8.6) gr(W x )^0 T * x [r,T- 1 }. 

As in the case of microdifferential operators, the symbol of order m of P 
is denoted a m (P). This function does not depend on the local coordinate 
system on X. If a m (P) is not identically zero, then one says that P has 
order m and a m (P) is called the principal symbol of P. 

The product in Wx (and in Wx) is given by the Leibniz formula not 
involving the r-derivatives. If Q is an operator of total symbol cr(Q), then 

a(PoQ)= ^9>(P)^(Q). 

In particular, a section P in Wx is invertible on an open subset U of T*X 
if and only if its principal symbol is nowhere vanishing on U. 

Remarks 8.3. (i) The rings Wx and Wx have already been introduced 
(when X = C) in 'X- They are denoted £\vkb and £wkb by these authors 
who call their sections, WKB-differential operators. We shall keep this last 
terminology. 

(ii) The ring Wx is a semi-classical star-algebra in the sense of 0: it is 
locally isomorphic to Ot*x[ t , t X ] as a Cr^x-module (via the total symbol) 
and it is equipped with an unital associative product (the Leibniz rule) which 
induces a star-product on Qt*x\t, r_1 ] not involving the r-derivatives. 

Definition 8.4. (i) One denotes by k the field C[r, t -1 ], that is, the field 
of formal series Ylj^z a j T ^ with a,j = for j » 0. 

(ii) One denotes by k the subfield of k consisting of series ^ ■ ajT J which 
satisfies the estimate: 




there exists a constant C > such that 
for all j < 0, \dj\ < C- j (-j)\. 



In other words, k = W p t and k = W v t- 
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The following result follows immediately from the fact that the center of 
£x and £x is Ct*x- 

Lemma 8.5. (i) The center ofWx is the constant sheaf \s.t*x- 
(ii) The center ofYVx is the constant sheaf 'ky* x ■ 

Remark 8.6. Replacing the sheaf of rings £ with the sheaf of rings £ 00 of 
infinite order micro differential operators, one constructs similarly the sheaf 
of rings W^? on T*X of infinite order WKB-differential operators. 

Quantized symplectic transformations 

Lemma 8.7. Assume to be given an open subset Ux (resp. Uy) of T*X 
(resp. T*Y) , a symplectic isomorphism ip : Ux — * Uy and a r-preserving 
contact isomorphism tp : p~ l (Ux) —> P~ 1 (Uy) making the diagram 1)4.21) 
commutative. Denote by x = (x%, . . . ,x n ) a local coordinate system on X, 
by (x,t;£,r) the associated local homogeneous coordinate system on p~ 1 (Ux) 
and by (y,s;rj,T) its image in p~ l (Uy) by the r-preserving contact isomor- 
phism tp (hence, yj = fj(x,^,r), rjj = gj(x,S t ,r) and s = t + a(x,^,r) ). 
Then, there locally exists a QCT above ift 



satisfying: 



commutes with the anti-involution *, 
*(d t ) = d t , *(t) = t + S(x,d x ,dt), a (S) = a, 
V(x j )=P j (x,d x ,d t ), a (P j ) = f j , 
*(<9%) = Qj(x,d x ,d t ), ai(Qj) = gj- 

Proof. Quantizing the contact transformation if) means finding microdiffer- 
ential operators Pj(x,t,d x ,dt) and S(x,t,d x ,dt) of order 0, Qj(x,t,d x ,dt) 
and T(x,t,d x ,d t ) of order 1, satisfying: 

[Pi, Qj] = Sij, [Pi, Pj] = 0, [Qi, Qj] = 
[P,S}=0, [P,T} = 0, [Qi,T}=0, [S,T} = -1, 
o-o(Pj) = fj, o-i{Qj) = gj, 0-1 (T) = r. 

One may choose T = dt and it follows that Pj,Qj, S — t will be independant 
of t and o-q(S) = a. q.e.d. 
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Recall that p : P*(X x C) -> T*X is given by p(p,(t,r)) = (pr" 1 ). 
Taking the direct image by p, the isomorphism ^ induces an isomorphism 

(8-9) $ : ^P^xZclp-HUx)) ^ P*( £ yIc\ P -HUy))- 

We identify Wx with the subsheaf of algebras of p*£xxc consisting of 
sections commuting with dt- Since dt is central in Wx, we denote it by 
r, that is, we identify the operator and its symbol. Since ^(dt) = dt, the 
isomorphism <& induces an isomorphism of filtered k-algebras (which we 
denote by the same symbol): 

(8.10) ®-v*(yvf\u x )^yvf\u Y - 

Definition 8.8. We call the isomorphism $ constructed in (|8,1U|) a quan- 
tized symplectic transformation (a QST, for short) above </>. 

Note that <& depends on the r-preserving contact isomorphism tjj. 

Definition 8.9. Let c be a section of Ct*x- We denote by 5 C the automor- 
phism of C-algebras on T*X 

(8.11) 5 C : p*£x" xC -> P*^xxC 

P i— > exp(c9()oPoexp(-c9[). 

In a local coordinates system (x,£;£,t), 

5 c (P{x,t,d x ,d t )) = P{x,t + c,d x ,d t ). 
Note that 5 C induces the identity on VVJf . 

Lemma 8.10. Let : p*£xxc ~* P*^XxC ^ e a QCT above the identity on 
U C T*X satisfying the commutation properties of Lemma \8. 7| Then there 
exist c G C and a section P E V^x" °f or der with o~q(P) = 1 and satisfying 
PP* = 1 such that 

(8.12) $ = 5 c oAd(P). 
Moreover, such a pair (c, P) is unique. 

Proof, (i) In a local coordinate system, the r-preserving contact transfor- 
mation ip above the identity on T*X is given by 

ip(x,t;£,T) = (x,t + c;£,r). 
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for a locally constant function c. The transformation <J>t = $ o <5_ c is thus 
a QCT above the identity on p~ l (U) C P*(X x C) commuting with * and 
preserving dt- Therefore, by Lemma |5.41 there exists a unique section P 
of p*£^ c of order satisfying PP* = 1 such that & = Ad(P). Since 

Ad(P)(d t ) = d t , P does not depend on t, i.e. P is a section of . 
(ii) Assume there exist P as above, not depending on t and c € C such that 
Ad(P) = 5 C . Then P = exp(cr). Hence P cannot belong to f^ c , except if 
c = 0. q.e.d. 

Denote by Aut^^Q t {p^£^" xC ) the sheaf of QCT's above the identity on 

T*X commuting with * and preserving dt and by Aut*(W^") the sheaf 
of QST's above the identity on T*X commuting with *. Denote by 5 the 
morphism of groups Ct*x — » • / ^ n **,9 t (/ 9 *^xxc) §i ven by c i— > <5 C and set 

(8.13) (Wjf )* = {P £ W]f ; P has order 0, a (P) = 1, PP* = 1}, 

(8.14) k* = {a € k;a has order 0,a (a) = l,a(r)a(-r) = 1} = (W^f)*. 

Then the diagram below commutes and has exact rows 



1 (k*) T » x (wf), — Aut*(wf) 1. 

Remark 8.11. The results of this section still hold when replacing W with 
W. 



9 Quantization of complex symplectic manifolds 

Theorem 9.1. Let X be a complex symplectic manifold. There exists canon- 
ically a k-abelian stack 9Jtoi)(W^', X) on X such that if U C X is an open 
subset isomorphic by a symplectic transformation (p to an open subset Ux C 
T*X, then WtoD(W^, £)\u is equivalent by ip to the stack V3toD(W^"\ Ux ). 

Definition 9.2. We call Mol}(W^, X) the stack of WKB-differential mod- 
ules on X. 

Proof. There exists an open covering U = {U}i e i of X and, for each Ui G U, 
a symplectic open embedding ipi : U <— > T*Xi for some cotangent bundle 
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T*Xi. Consider the symplectic isomorphism cpij = ipi o (pj 1 ; (fj(Uij) — > 
fiiUij)- After shrinking the covering U, by Lemma |4.3I there exists a r- 
preserving contact isomorphism ipy making the diagram below commutative: 

T*Xj D wiUyj) ifiiUy) C T*Xi 



Pj 



Pi 



P 



*(Xj x C) D P]\vi{Uij)) J ^Pi\vi{Uij)) C P*(X t x C). 

We use the notations of Lemma 15771 Set p^£^ = y?" 1 Pi*£x^ x c anc ^ ^u" = 

ip^Wx^. Hence, is the subsheaf of C-algebras of p*£^ consisting of 

sections commuting with dt- By shrinking the covering IA again, we may 
assume by Lemma 18.71 that there exist QCT's above the ip^s and hence 
isomorphisms of C-algebras 

®ij . p*t v , \u 4j — > p*t v . \Uij, 
these isomorphisms commuting with dt and *. 

With the notations of Section |3] for X = X, set Xo = J7j, 3L\ = Xo x^Xo, 

etc. and let ju i : Ui Xo be the natural map. Then p^S^" = ®ieijUi\P*£u" 
is a sheaf of central C-algebras on Xo endowed with an anti-involution and 
yyv^ = ©tg/jViiW^ is a sub-sheaf of algebras. The $i/s induce a C- 

algebra isomorphism $ : p^E^f" — > P*£q commuting with <9i and with the 
anti-involution. _ 

By Lemma EHU1 there exist P G T(X 2 ;W^") of order with ct (P) = 1, 
PP* = 1 and c G T(X2; Cx 2 ) such that on X2 

$01 $12 = Ad(P) o5 c o $02- 

Now we make a computation similar to that leading to Definition 13.21 
On X3 one has 

($01 $12) $23 = Ad(P i 2 ) o 5 C012 o $02 O $23 
= Ad(P i 2 Po23) <W 2 5 c 23 $03, 



and 



$01 ($12 o $23) = $01 Ad(Pi 23 ) o 5 C123 o $ 13 

= Ad($ l(Pl23)) °5 C123 °$01 °$13 

= Ad($ l(Pl23)P013) °5 Cl 23 ° "C 13 0$Q3- 
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Here, we have used the fact that the isomorphisms commutes with 6 C . It 
follows that 

(g.!) J iWfes = $01(^123)^013 mT(X 3 ;Wf*), 

\ C012 + C023 = C123 + C013 in r(3C 3 ; Cx 3 ). 

The C-algebra isomorphism $ : p*£*f" — > P*£(f" induces an isomorphism of 
k-algebras (which we denote by the same symbol): 

Since the isomorphisms 5 C induce the identity on Wq^, we get 



$01 $12 = Ad(P) o $ 02 on X 2 



P012P023 = $01(^123)^013 in r(X 3 ;Wf*). 



Hence W := (W^,$,P) is an effective k-lien on X, — > X, and it remains 
to apply Theorem 13.51 

To prove the canonicity of the stack 9Jtod(Wv" , X), one argues as in the 
proof of Theorem l6.ll More precisely, for each Ui 6W consider another sym- 

pectic open embedding ip' { : Ui T* X[. Setting p^S^ = ip'^ 1 pi^£^ xC and 

Wy" = ip'^W^ and proceeding as above, we get a C-algebra isomorphism 

: p*£i — ► P*£q commuting with and with the anti- involution and 
thus an effective k-lien W := (W^', P) on 1, -> I and a 2-cocycle 
c' Gr(X 2 ;C3e 2 ). 

By Lemma 14.31 there exists a r-preserving contact isomorphism Vi making 
the corresponding diagram (|4.2D commutative. By Lemma 15.31 there exist 
QCT's above the v^s and hence an isomorphism of C-algebras 

(9.2) T : p,8^ ^ p*S^' 

commuting with dt and *. By Lemma l8.1Ul there exist a unique pair (Q, b), 
where Q £ r(X i ;>V A ) of order with a (Q) = 1, QQ* = 1 and b € 
r(Xi;Cx!) are such that 

$'oTi = Ad(Q) o <5 6 o T o $. 

After some computations and using the unicity of the pair (Q, b), we get 

f PQ02 = $' i(Qi2)QoiTo(P) inr(X 2 ;W A,X ), 
I c' + 602 = h2 + b i + c in T(X 2 ; Cx 2 ). 
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Hence the 2-cocycle c and d are co-homologous and the pair (&,Q) defines 
an effective isomorphism of k-liens W — ► W. q.e.d. 

Remarks 9.3. (i) The Cech cohomology class in H 2 (3C;C) defined by the 
2-cocycle c in 1)9.1)1 coincides with the class — [u] of the symplectic form co 
on X under the de Rham isomorphism. Indeed, let U = {Ui}i^i be the 
open covering of X as in the proof of Theorm 19.11 and let otT*x t be the 
canonical 1-form on T*Xi. Then uj\ Vi = d(cp*aT*Xi) and (<f*aT*x 3 )\Uij = 
(<P* &T* Xi)\iJij +da,ij, for a function a^- on Uij. By Lemma l4~3l the contact 
isomorphisms ipij in ()4.2j) are given by 

(p, (i;r)) i-» (^(pr -1 ), (t + aijipT^ 1 )-^)). 

Hence the Cj,^ coincide with a^- + a,fc — a^, i.e. the Cech class given by the 
cafe's corresponds to the class — [cj] under the de Rham isomorphism, 
(ii) Recall that the group k* has been defined in 1)8.14)1 . For each 2-cocyle a £ 
r(3i2; (k*)^) we may associate a k-abelian stack Tlod(W^" , a, X) on X which 
is locally equivalent to the stack moV(W^,X). Indeed, MoV(}V^,a,X) 
is the stack associated with the effective lien W a := (W 1 ^ ,$,aP). It is 
straightforward to check that, if b is another 2-cocyle cohomologous to a, 
there is an effective isomorphism of k-liens W a — > W& and then an equiva- 
lence of k-stacks Wlod{W^, a, X) ~ TtoV(W^, b, X). 

We refer to [7j for a similar construction in the framework of deformation 
algebras on real symplectic manifolds. 

Remark 9.4. One can extend the results of Section[7|to the symplectic case 
and treat smooth involutive submanifolds of complex symplectic manifolds. 
But one should recall that Kontsevich 14. has obtained a much more general 
result, quantizing arbitrary complex Poisson manifolds. 

Remark 9.5. The results of this section still hold when replacing W with 
W. 
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